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Abstract. We give a completely algebraic proof of the Bogomolov-Tian-Todorov 
theorem. More precisely, we shall prove that if X is a smooth projective variety with 
trivial canonical bundle defined over an algebraically closed field of characteristic 0, 
then the Lcx)-algebra governing infinitesimal deformations of X is quasi-isomorphic to 
an abelian differential graded Lie algebra. 
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Introduction 

Let X be a smooth projective variety over an algebraically closed field IC of charac- 
teristic 0, with tangent sheaf Qx- Given an affine open cover U = {Ui} of X, we can 
consider the Cech complex C{U, @x)- By classical deformation theory |Kod86|, ISe06j . 
the group H^{U,Qx) classifies first order deformations of X, while H^{U,@x) is an 
obstruction space for X. 

Moreover, as a consequence of the results contained in |Hin97L IHiS97aL IHiS97bL 
IFMM08] . there exists a canonical sequence of higher brackets on C{U,Qx), defin- 
ing an Loo structure and governing deformations of X over local Artinian K-algebras, 
via Maurer-Cartan equation. When K = C, such Lqo structure is canonically quasi- 
isomorphic to the Kodaira-Spencer differential graded Lie algebra of X, whose Maurer- 
Cartan equation corresponds to the integrability condition of almost complex structures 
|GM90j . 

Assume now that X has trivial canonical bundle, the well known Bogomolov-Tian- 
Todorov (BTT) theorem states that X has unobstructed deformations. This was first 
proved by Bogolomov in |Bo78) in the particular case of complex hamiltonian manifolds; 
then, Tian |Ti87| and Todorov |To89] proved independently the theorem for compact 
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Kahler manifolds with trivial canonical bundle. Their proofs are transcendental and 
make a deep use of the underlying differentiable structure as well of the dd-Lemma. 

More algebraic proofs of BTT theorem, based on T^-lifting theorem and degeneration 
of the Hodge spectral sequence, were given in [Ra92] for K = C and in |Kaw92l IFM99j 
for any K as above. 

For K = C, the BTT theorem is also a consequence of the stronger result [GM90|. 
IMa04b] that the Kodaira-Spencer differential graded Lie algebra of X is quasi-abelian, 
i.e., quasi-isomorphic to an abelian differential graded Lie algebra. This result, also 
proved with transcendental methods, is important for applications to Mirror symmetry 
[BK9 8]. 

The main result of this paper is to give a purely algebraic proof of the quasi-abelianity 
of the Loo-algebra C{U,Qx) when X is projective with trivial canonical bundle. This 
is achieved using the degeneration of the Hodge-de Rham spectral sequence, proved 
algebraically by Faltings, Deligne and Illusie [FaSSj, lDeI187j . and the Lqo description 
of the period map |FiMa08] . 

More precisely, we prove the following theorems. 

Theorem (A). Let X be a smooth projective variety of dimension n defined over 
an algebraically closed field of characteristic 0. If the contraction map 

is injective, then for every affine open coverU of X, the Lao-algebra C{U,Qx) is quasi- 
abelian. 

Theorem (B). Let X be a smooth projective variety defined over an algebraically 
closed field of characteristic 0. If the canonical bundle of X is trivial or torsion, then 
the Loo-algebra C{U,Qx) is quasi-abelian. 

The paper goes as follows: the first section is intended for the non expert reader and 
is devoted to recall the basic notions of differential graded Lie algebras. Loo-algebras 
and their role in deformation theory. 

In Section [21 we review the construction of the Thom- Whitney complex associated 
with a semicosimplicial complex. 

In Section [3l following |FMM08j . we introduce semicosimplicial differential graded 
Lie algebras, the associated Thom- Whitney DGLAs and the Loo structure on the asso- 
ciated total complexes. We also investigate some properties of mapping cones associated 
with a morphism of DGLAs. 

In Sections [H we collect some technical results about Cartan homotopies and con- 
tractions. 

In Section[5l we give the definition of the deformation functor H^^{ex.pg^), associated 
with a semicosimplicial Lie algebra g^, introduced essentially in [Hi n97|, IPr03| and 
described in more detailed way in [FMM OS]. Moreover, following [FM M08] . we prove, 
in a complete algebraic way, that the infinitesimal deformations of a smooth variety 
X, defined over a field of characteristic 0, are controlled by the Loo-algebra C{U,@x), 
where U is an open affine cover of X. 

Section[6]is devoted to the algebraic proof of the previous Theorems A and B together 
with some applications to deformation theory. 

Acknowledgement. The first draft of this paper was written during the workshop on "Algebraic 
and Geometric Deformation Spaces", Bonn August 11-15, 2008. Both authors thank Max Planck 
Institute and HausdorfF Center for Mathematics for financial support and warm hospitality. 
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1. Review of DGLAs and Loo-algebras 

Let IC be a fixed algebraically closed field of characteristic zero. A differential graded 
vector space is a pair (V,(i), where V = ®iV^ is a Z-graded vector space and d: ^ 
V^~^^ is a differential of degree +1. For every integer n, we define a new differential 
graded vector space V[n] by setting 

V[nY = V^+\ dvyn] = {-iTdv. 

A differential graded Lie algebra (DGLA for short) is the data of a differential graded 
vector space (L, d) together with a bilinear map [—,—]: L x L ^ L (called bracket) of 
degree such that: 

(1) (graded skewsymmetry) [a, 6] = -(-l)^^s('^)^^s('') [6, a]. 

(2) (graded Jacobi identity) [a, [b,c]] = [[a,b],c] + (_i)dcg(a)dog(6)[5^ 

(3) (graded Leibniz rule) d[a,b] = [da,b] + (-l)<^^g(") [a, 

In particular, the Leibniz rule implies that the bracket of a DGLA L induces a 
structure of graded Lie algebra on its cohomology H*{L) = (BiH'^{L). 

Example 1.1. Let {V, dv) be a differential graded vector space and Hom*(y, V) the 
space of morphisms V oi degree i. Then, Hom*(y, V) = 0^ Hom*(y, V) is a DGLA 
with bracket 

[/,5]=/5-(-l)'''='^(^)''^^^^W, 

and differential d given by 

d{f) = [dvJ]=dvf-{-lf''^^f^fdv. 
For later use, we point out that there exists a natural isomorphism 
F*(Hom*(y, V))^Y{oia*{H*{V),H*{V)). 

A morphism of differential graded Lie algebras (p: L — > Af is a linear map that 
preserves degrees and commutes with brackets and differentials. A quasi-isomorphism 
of DGLAs is a morphism that induces an isomorphism in cohomology. Two DGLAs 
L and M are said to be quasi-isomorphic if they are equivalent under the equivalence 
relation generated by: L ~ M if there exists a quasi-isomorphism <j) : L ^ M. 

Next, denote by Set the category of sets (in a fixed universe) and by Art = Artx 
the category of local Artinian K-algebras with residue field IK. Unless otherwise specified, 
for every objects A E Art, we denote by xtiA its maximal ideal. Given a DGLA L, we 
define the Maurer-Cartan functor MCj;,: Art — > Set by setting |Ma99] : 

MCl(^) = e I + ^[x,x] = o| , 

where the DGLA structure on L (g) is the natural extension of the DGLA structure 
on L. The gauge action * : exp(L° m^) x MCl{A) — > MCl{A) may be defined by 
the explicit formula 

e"- * X := X + -j-^ — L.(ra a;;] _ da). 
^ (n + 1)! 
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The deformation functor Def^^ : Art — > Set associated to a DGLA L is: 

MCrM) {x G 0mA I da; + = 0} 
DefL(A) - - 2 



gauge exp(LO0mA) 

Remark 1.2. Every morphism of DGLAs induces a natural transformation of the 
associated deformation functors. A basic resuh asserts that if L and M are quasi- 
isomorphic DGLAs, then the associated functor Def^^ and DefA/ are isomorphic |SS79|. 
IGM88LIGM90] . |Ma99[ Corohary 3.2], [Ma04bL Corollary 5.52]. 

Next, we briefly recall the definition of an Loo structures on a graded vector space 
V . For a more detailed description of such structures we refer to |SS79|, ILS93|, ILM95|, 
IMa02L [Fu03l IKon03L IGet04L IFiMaOT] and |Ma04b[ Chapter IX]. 

Let y be a graded vector space: we denote by V its graded symmetric n-th 
power. Given f i, . . . , u„ homogeneous elements of y, for every permutation a we have 

fi • • • f„ = e(cr; vi, . ..,Vn) v„(i) • • • f^(„), 

where e(o"; f i, . . . , Vn) is the Koszul sign. When the sequence ui, . . . , is clear from the 
context, we simply write e{a) instead of e(cj;ui, . . . , Vn). 

Definition 1.3. Denote by $]„ the group of permutations of the set {1,2, . . . ,n}. 
The set of unshufftes of type {p, n — p) is the subset S{p, n — C S„ of permutations 
a such that a{l) < a{2) < ■ ■ ■ < a{p) and a{p + 1) < a{p + 2) < • • • < a{n). 

Definition 1.4. An Loo structure on a graded vector space ^ is a sequence {qk}k>i 
of linear maps qk G Hom^(0^(y[l]), V[l]) such that the map 



n>l n>l 



defined as 



Q{viQ---QVn) = Y^ e(o-)9fcK(i)0---0^^a(fc))0^^a(fc+i)0---0M")' 

k=l creS{k,n-k) 

is a codifferential on the reduced symmetric graded coalgebra ®„>x 0'^1^[1]: in other 
words, the datum (V, qi, q2, qs, . . .) is called an Loo-algebra if QQ = 0. 

If {V,qi,q2,q3,---) is an Loo-algebra, then qiqi = and therefore (F[l],gi) is a 
differential graded vector space. The relation between DGLAs and Loo-algebras is given 
by the following example. 

Example 1.5 ( |Qui69| ). Let (L, d, [, ]) be a differential graded Lie algebra and 
define: 

qi = -d : L[l] ^ L[l], 

q2 G Homi(02(L[l]),L[l]), q2{v Q w) = {-lf''^^''^[v,w], 

and qk = for every k > 3. Then (L, qi,q2,0, ■ ■ ■) is an Loo-algebra. 

An Loo-morphism {V,qi,q2,---) {W,pi,p2, . . .) of Loo-algebras is a sequence foo = 
{fn} of degree zero linear maps 

n 

fn-Ov[l]^W[l], n>l. 
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such that the (unique) morphism of graded coalgebras 



n n 



n>l n>l 



hfting Ylinfn '■ ©n>iO"^[l] ~^ commutes with the codifferentials. This condi- 

tion imphes that the linear part fi : V[l] ^ ^[1] of an Loo-morphism /oo : {V,qi,q2,---) - 
{W,pi,p2, • • •) satisfies the condition fioqi = pi o fi^ and therefore fi is a map of dif- 
ferential complexes gi) — > 

An Loo-morphism f^o = {fn} is said to be linear if /n = 0, for every n > 2. Notice 
that an Loo-morphism between two DGLAs is linear if and only if it is a morphism of 
differential graded Lie algebras. 

A quasi-isomorphism of Loo-algebra is an Loo-morphism, whose linear part is a quasi- 
isomorphism of complexes. Two Loo-algebras are quasi-isomorphic if they are equivalent 
under the equivalence relation generated by the relation: L ~ M if there exists a quasi- 
isomorphism (j) : L ^ M. 

Definition 1.6. An Loo-algebra {y,qi,q2, ■ ■ ■) is called abelian if = for every 
i > 2. An Loo-algebra is called quasi-abelian if it is quasi-isomorphic to an abelian 
Loo-algebra. 

Given an Loo-algebra {V,qi,q2,---) and a differential graded commutative algebra 
A, there exists a natural Loo structure on the tensor product V ®A. The Maurer-Cartan 



functor MCy associated with the Loo-algebra V is the functor |SS79L IFuOSL IKon03] : 

MCv : Art ^ Set 



Two elements x and y € MCy (A) are homotopy equivalent if there exists g{s) G 
MC\/0]K[s,ds](^) such that g{0) = x and g{l) = y- Then, the deformation functor Defy 
associated with the Loo-algebra V is 



Example 1.7. Given an abelian Loo-algebra (V, gi, 0, 0, . . .), for every A € Art there 
exists a canonical isomorphism 



Remark 1.8. If L is a DGLA, then the deformation functor associated with L, 
viewed as an Loo-algebra, is isomorphic to the previous one (Maurer-Cartan modulo 
gauge equivalence) [SSTOj IMa02L IFu03L IKon03) . 

Remark 1.9. As for the DGLAs, every morphism of Loo-algebras induces a natural 
transformation of the associated deformation functors. If two Loo-algebras are quasi- 
isomorphic, then there exists an isomorphism between the associated deformation func- 
tors [Fu03L IKon03| . |Ma04b[ Corollary IX. 22]. In particular, the deformation functor 
of a quasi-abelian Loo-algebra is unobstructed. 

Lemma 1.10. Let {V,qi,q2, ■ ■ ■), {W,ri,r2, ■ ■ ■) be L^q- algebras withW quasi-abelian 
and foQ- V ^ W an Loo-morphism. If fi is injective in cohomology, then V is quasi- 
abelian. 




Defy : Art Set 



Defy (A) 



MCy (A) 
homotopy 



T)eiv{A) = H\V[llqi) (^mA- 
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Proof. According to homotopy classification of Loo-algebras (see e.g. [Kon 03]). if 
H is the cohomology of the complex (W,ri), there exists an L^o structure on H and 
a surjective quasi-isomorphism of Loo-algebras poo : W ^ H. The Loo structure on H 
depends, up to isomorphism, by the quasi-isomorphism class of W and therefore every 
bracket on H is trivial. 

Replacing W with H and foo with Poo/oo it is not restrictive to assume rj = for 
every i. There exist a graded vector space K and a morphism of graded vector spaces 
/?: W[l] — > K[l] such that the composition 

{V[l],q,)^{W[l],0)^{K[l],0) 

is a quasi-isomorphism of complexes. Then, /3 is a linear Loo-morphism and the compo- 
sition 

{V,qi,q2,...) ^{W,0,0,...) ^ (K,0,0,...) 
is a quasi-isomorphism of Loo-algebras. □ 

2. The Thorn- Whitney complex 

Let Amon be the category whose objects are the finite ordinal sets [n] = {0, 1, . . . , n}, 
n = 0,1,..., and whose morphisms are order-preserving injective maps among them. 
Every morphism in Ajjioni different from the identity, is a finite composition of cofucc 
morphisms: 

dk-. dk{p) = y k = 0,...,i. 

I p + 1 it k < p 

The relations about compositions of them are generated by 

didk = dk+idi , for every I < k. 

According to [EZ50I , rWe94] . a semicosimplicial object in a category C is a covariant 
functor : Amon C. Equivalently, a semicosimplicial object is a diagram in C: 

^0 Ai =^ A2 =j: • • • , 

where each Ai is in C, and, for each i > 0, there are i + 1 morphisms 

dk-- Ai^i ^ Ai, k = 0,...,i, 

such that didk = dk+idi, for any / < k. 

Given a semicosimplicial differential graded vector space 



the graded vector space 0„>o 'i-] has two differentials 



n>0 "^"L 

^^(— where dn is the differential of Vn, 

n 



and 



d = y {—lydi, where di are the coface maps. 



More explicitly, if v &V^, then the degree oi v is i + n and 

d{v) = i-irdniv) G Vt\ div) = do{v) - diiv) + ■■■ + i-ir+'dn+liv) G ^+1- 

Since dd + dd = 0, we define Tot(V^) as the graded vector space 0„>o '^l! endowed 
with the differential d + d. 
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Example 2.1. Let U = {Ui} he an affine open cover of a smooth variety X, defined 
over an algebraically closed field of characteristic 0; denote by @x the tangent sheaf of X. 
Then, we can define the Cech semicosimplicial Lie algebra Qx{^) as the semicosimplicial 
Lie algebra 



where the coface maps (9h : J| Qx{Uio...ik-i) ^ 0^(^«o - «fe) ^-re given by 

«0<---<ifc-l «0<---<«fe 

=x.^ r;^^ .^1^^^ for /i = 0,...,A;. 

Since every Lie algebra is, in particular, a differential graded vector space (concen- 
trated in degree 0), it makes sense to consider the total complex Tot(Gx(^)), which 
coincides with the Cech complex CiU^Qx)- 

Example 2.2. Let be the algebraic de Rham complex of a smooth variety X of 
dimension n: 

n*x: 0^Ox = ^x^^x^ ^J^^^O. 

Given an affine open cover U = {Ui} of X, we can define a semicosimplicial differential 
graded vector space 



i<j<k ^xi^ijk) i ■ ■ ■ ) 

where Qxi^io-ik) complex 

«0<--<«fc 

n Ox{U,,...^,) ^ n ^x{U^o■■■^,)^ ■■■ Yl ^x{U^o■■■^J. 
io<ii<---<ik io<ii<---<ik iQ<--<in 

Here the total complex Tot{n'^{U)) is the Cech complex C(p{, ^x) °^ ^X' with respect 
to the affine cover U. 

Let be a semicosimplicial differential graded vector space and (^pl)^ the dif- 
ferential graded commutative algebra of polynomial differential forms on the standard 
n-simplex {(to, . . . , t„) G I E *i = 1} [ FHTOlj : 

_ K[tQ, . . . ,tn, dtp, . . . , dtn] 

For every n, m the tensor product Vn ® {Apl)^ is a differential graded vector space and 
then also Vn ^ (^PL)n is a differential graded vector space. 
Denoting by 



ti if < I < 

if i = A; , k = 0, . . . ,n, 

ti-i k < i 



the face maps, for every < A; < n, there are well-defined morphisms of differential 
graded vector spaces 

n-l, 

dk®Id: Vn-l «) {ApL)n-l ^Vn® {ApL)n-l- 
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The Thorn- Whitney differential graded vector space TotTwiV^) of is the differential 
graded subvector space of Hn ® (^PL)n! whose elements are the sequences {xn)n€N 
satisfying the equations 

{Id (8) S'^)xn = {dk (8) Id)xn^i, for every < A; < n. 

In |Whi57j . Whitney noted that the integration maps 

/ (^U: {ApL)n(^Vn^C[n](^Vn = Vn[n] 
J A" 

give a quasi-isomorphism of differential graded vector spaces 

/: {TotTwiV'^),dTw) ^ (Tot(y^),(iTot). 

Moreover, there exist an explicit injective quasi-isomorphism of differential graded vector 
spaces 

E: Tot{V^) TotTwiV^) 

and an explicit homotopy 

h: TotTwiV^) ^ TotTw^(y^)[-l], 

such that 

IE = IdTot(yA); EI - Id-Yotrwiv^) = hdrw + drwh. 

Moreover, the morphisms /, E, h are functorial and commute with morphisms of semi- 
cosimplicial differential graded vector spaces. For more details and explicit description 
of E and h, we refer to [DiipTGl |Dup78| , INaA87L IGet04L IFMM08L ICGOSj . 



Let and be two semicosimplicial graded vector spaces, with degeneracy 
maps dk^n and dj.^, respectively. Then, we define the tensor product {V W)^ as the 
semicosimplicial graded vector space, such that {V(8)W)^ = Vn^Wn and the degeneracy 
maps are defined on each factor, i.e., dk,n = ^® dj^ ^ : {V ® W)^_i ^ {V ® W)^- 

Remark 2.3. The Thom-Withney construction is compatible with tensor product, 
i.e., there exists a natural transformation 

TotTvy(^^) OTotTVK(VF^) ^ TotrwiiV (^W)^) 



Indeed, we have to prove that X (g) y G TotTwiiV <^ W)^), for every pair of sequences 
X = {xn)n€N G TotTwiV^) and y = (y„)„gN G TotrwiW^). 
We have 



dk Id{xn Vn) = (dk <S) Id{xn)) (dk <S) Id{yn)), 

and. 

Id (g) 6^{Xn+l Vn+i) = (Id <S) 5''{xn+i)) «> (M <S) 6^{yn+i)). 

It is sufficient to observe that the right parts of the above two equation are the same for 
every k < n. 

In particular, every bilinear map of semicosimplicial graded vector spaces x 
induces a bilinear map TotTiy(^^) x TotrwiW^) TotTvy(^^)- 
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3. Semicosimplicial differential graded Lie algebras and mapping cones 
Let 



: 00 01 =j= 02 



be a semicosimplicial differential graded Lie algebra. Every Qi is a DGLA and so, in 
particular, a differential graded vector space, thus we can consider the total complex 
Tot(fl^). 

Example 3.1. Every morphism -^^ ^ of differential graded Lie algebras can 
be interpreted as the semicosimplicial DGLA 

■■ L =^ M , do = x,di = 0, 

and the total complex Tot(x^) coincides with the mapping cone of X) i-e., 

Tot(x'^)* = e M'-\ d{l, m) = {dl, xil) - dm). 

Even in the case of L and M Lie algebras, it is not possible to define a canonical 
bracket on the mapping cone, making Tot(x^) a DGLA and the projection Tot(x'^) L 
a morphism of DGLAs. To see this it is sufficient to consider L = M the Lie subalgebra 
of s^(2,K) generated by the matrices 



A= \ _ A. B 





and X equal to the identity. If Tot(x^) is a DGLA then, by functoriality, for every x ^ L 
the subspace generated by x, xi^) is a subalgebra and, for every A G K, the linear map 
B B, A XA is an automorphism of DGLA. It is an easy exercise to prove that 
these properties imply the failure of Jacobi identity. 

Even if the complex Tot(g'^) has no natural DGLA structure, it can be endowed with 
a canonical L^o structure by homological perturbation theory [FiMaOTl IFMM 08]. 

Indeed, as in the previous section, we can consider the Thom- Whitney construction 
also for semicosimplicial differential graded Lie algebras: it is evident that in such case we 
have TotTwi^^) a differential graded lie algebra. In this case, the morphisms /, E, h are 
functorial and commute with morphisms of semicosimplicial DGLAs. Moreover, these 
morphisms /, E, h can be used to apply the following basic result about Loo-algebras, 
dating back to Kadeishvili's work on the cohomology of A^o algebras |Kad82| : see also 
|HK91j . 

Theorem 3.2 (Homotopy transfer). Let iV,qi,q2,q3,...) be an L^-algebra and 
(C, 6) a differential graded vector space. Assume we have two morphisms of complexes 

and a linear map h € Hom^^(y[l], V[l]) such that hqi + qih = tiir — Id. 

Then, there exist a canonical Loo-algebra structure (C, ( )i, ( )2, . . .) on C extending 
its differential complex structure, and a canonical Loo-morphism too '■ (C, ( )i, ( )2; • • •) 
{V,qi,q2,q3,...) extending ii. In particular, if ii is an injective quasi-isomorphism of 
complexes, then also too is an injective quasi-isomorphism of L^q- algebras. 

Proof. See |FiMa07| and references therein; explicit formulas for the quasi-isomorphism 
^oo and the brackets ()„ have been described by Merkulov in [Me99j; then, it has 
been remarked by Kontsevich and Soibelman in [KSOOL IKSOl] (see also |Fu03] ) that 
Merkulov's formulas can be nicely written as summations over rooted trees. □ 
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Corollary 3.3 ( |FiMa07L IFM M08] ) . There exists a canonical Loo-algebra struc- 
ture Tot(g^) on the differential graded vector space Tot(0'^), together with an injective 
quasi-isomorphism Eoo'- Tot(0^) — ToiTw{Q^)- 

Proof. It is sufficient to apply Theorem 13.21 to the morphisms I,E,h, in order to 
define a canonical Loo-algebra structure Tot(0^) on Tot(0^), and an injective quasi- 
isomorphism Eoo - Tot(g^) TotTvy(0^) extending E. 

Notice that Eoo induces an isomorphism of functors Def^^^^A) -'-^^^TotTVF(g^) • 1^ 

Let L ^ Af be a morphism of differential graded Lie algebras over a field IK of 
characteristic 0. We have already seen, in Example 13. H that x can be interpreted as the 
semicosimplicial DGLA 



: L =^ M • • • , 

X 

and therefore we have a canonical Loo structure on the total complex 
Tot(x'^) = ®Tot{x^y, Tot(x'^)* = V(BM'-\ 

i 

The brackets 

n 

/x„: /\Tot(x^) ^Tot(x^)[2-n], n > 1, 
have been explicitly described in [FiMaOT] . Namely, one has 

Hi{l,m) = {dl,x{l) ~ dm), lGL,mGM, 

( 1 (_l)deg{h) \ 

l^2{{h,mi) A {l2,m2)) = I [/i,/2],-[mi,x(/2)] + ^ ^ [x{h),m2\ 1 

and for n > 3 

^in{{h,mi) A • • • A (/„,m„)) = ± "~ ^ e(cr)[m^(i), [• • • , [m<^(n-i), x(^n))] •••]]• 

Here the BnS are the Bernoulli numbers, e is the Koszul sign and we refer to [FiMaOT] 
for the exact determination of the overall it sign in the formulas (it will not be needed 
in the present paper). 

Proposition 3.4. In the notation above, assume that: 

(1) X- L ^ M is injective, 

(2) X- H*{L) ^ H*{M) is injective. 

Then, the Loo-algebra Tot(x^) is quasi- abelian. 

Proof. Since {Yiom* [L , L)) = Rom° {H* (L) , H* (L)) and (Rom* {M , L)) = 
Rom^ {H* (M), H*{L)), the surjective morphism 

Hom*(M, L) Hom*(L, L), (p ^ (px, 

induces surjective maps 

H°(Rom*{M, L)) i?°(Hom*(L, L)), Z°(Hom*(M, L)) Z°(Hom*(L, L)) 

and then the identity on L can be lifted to a morphism vr : M ^ L of differential graded 
vector spaces. Denoting V = ker(7r), we have a direct sum decomposition of differential 
graded vector spaces M = x{L) ® V. 
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Denote by d the differential on M, by assumption d{V) C V and the inclusion 
y[— 1] ^ Tot(x^) is an injective quasi-isomorphism. Let H he a. graded vector space, 
endowed with trivial differential, and g: H ^ V[—l] an injective morphism of differential 
graded vector spaces, inducing an isomorphism H — >H*{V[—1]). The linear map 

f:H^T^t{x'')), f{h) = {0,gih)), 

is annihilated by every bracket of Tot(x^) and then it is an injective quasi-isomorphism 
of Loo-algebras. □ 

Example 3.5. Let be a differential graded vector space and let U C W he a 
differential graded subspace. Assume that the induced morphism H*{U) — > H*{W) is 
injective, then the injective morphism of DGLAs 

X: {/ G Hom*(Ty,P^) | /([/) C [/} ^ Hom*(VF,Ty) 

satisfies the hypothesis of Proposition 13.41 In fact, the same argument used above shows 
that there exists a direct sum decomposition of differential graded vector spaces W = 
U ®V . Next, consider the subspace 

K = {fe Hom*(H^, W) I f{W) C V, f{V) = 0}. 

It is straightforward to check that K \s a complementary subcomplex of the image of x 
inside llom* {W,W). 

Remark 3.6. Let W he a differential graded vector space and let U d W he a 
differential graded subspace. It is showed in [FiMaOSj . that the deformation functor 
associated with the morphism of DGLAs 

X- {/ G Hom*(iy,VK) I f{U) C [/} ^ Hom*(iy,iy), 

i.e., the deformation functor associated to the Loo-algebra Tot(x^), has a natural in- 
terpretation as the local structure of the derived Grassmannian of W at the point U . 
Moreover, Proposition 13.41 implies that the derived Grassmannian of W is smooth at the 
points corresponding to subspaces U such that H*{U) H*{W) is injective. 

4. Semicosimplicial Cartan homotopies 

The abstract notion of Cartan homotopy has been introduced in |FiMa06l. IFiMaOS] 
as a powerful tool for the construction of Loo morphisms. 

Definition 4.1. Let L and M be two differential graded Lie algebras. A linear map 
of degree —1 

i: M 

is called a Cartan homotopy if, for every a,b & L, we have: 

*[a,f.] = [ia, dAiib + idLb] and [ia,^] = 0. 

For every Cartan homotopy i, it is convenient to consider the map 

I: L ^ M, la = dMia + id^a- 

It is straightforward to check that Z is a morphism of DGLAs and the conditions of 
Definition 14.11 become 

*[a,f)] = [iaJb] and [ia,ib] = 0. 
As a morphism of complexes, I is homotopic to (with homotopy i). 
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Example 4.2. Let X be a smooth algebraic variety, Qx the tangent sheaf and 
{Q'^,d) the algebraic de Rham complex. Then, for every open subset U C X, the 
contraction 

Qx{U) ® n'j.iu) ^''x\U) 

induces a linear map of degree —1 

i: Qx{U) Rom.*{Q*x(U),n*x(U)), ^{10) = ^jlo 

that is a Cartan homotopy. In fact, the differential of QxiU) is trivial and the differential 
on the DGLA Rom*{nX^{U),n*j^{U)) is (f) ^ [d,(t>] = # - (-l)<i^gW(^d. Therefore, since 
ia has degree —1, we have that la = dia + iad is the Lie derivative and the above 
conditions reduce to the classical Cartan's homotopy formulas: 

(1) [ia,ib] = 0; 

(2) i[a,b] = laib - ibla = [la,ib] = [ia,h], 

The relation between Cartan's homotopy and Loo algebras is given by the following 
theorem. 

Theorem 4.3 ( jFiMaOSl Corollary 3.7]). Let x - N ^ M be a morphism of DGLAs 
and i: L ^ M be a Cartan homotopy. Assume that (p: L ^ N is a morphism of DGLAs, 
such that x4' = I = dMi + idL- Then, the linear map 

is a linear L^o-morphism. In particular, if N is a subalgebra of M containing 1{L) and 
X is the inclusion, then the map 

L — > Tot(x^) a ^ {la, ia) 

is a linear Loo-morphism. 

Proof. Straightforward consequence of the explicit description of the Lqo structure 
ofTbt(x^). □ 

Remark 4.4. It is plain from definition that Cartan homotopies are stable under 
composition with morphisms of DGLAs. More precisely, if /: L' — > L and g: M ^ M' 
are morphisms of differential graded Lie algebras and i : L — > Af is a Cartan homotopy, 
then also gif : L' M' is a Cartan homotopy. 

Lemma 4.5. Let i: L ^ M be a Cartan homotopy and A be a differential graded 
commutative algebra. Then the map 

i^ld: L (g) A ^ M ® A 

{x a) 1-^ ix (g a 

is a Cartan homotopy. 

Proof. By definition, for any x a and y (g) 6 E L A, we have 

[{i ld)xm, {i ® ^d)y^b] = [ix ®a,iy(^b] = (_l)deg{a)(deg(j,)-l) j -^^ -^j ^ ab = 0. 

Moreover, denoting I = d^ii + idi and I = dMi^Ai^ Id) + (i (g) Id)dL®A we have 

lx(^a = dM®A{ix a) + (i (g) Id){dLX ®a + (-1)'^''^'^^'^ x dAa) = 

= dMix a - (g) dAa + i^^^ ®a + dAa = lx®a. 

Thus, for any x ® a and y 6 G L (g ^4, we get 

{i ld)[xm,ym = ^ Id)(_i)dcg{.)dcg(«)[^_j^]^„fe = i-l)'^''^^''^'^^^^^^i[x,y] ®ab = 
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□ 

Definition 4.6. Let L be a differential graded Lie algebra and V a differential 
graded vector space. A bilinear map 

LxV — - — > V 

of degree — 1 is called a contraction if the induced map 

i: L ^Rom.*{V,V), ii{v) = ljv, 

is a Cartan Homotopy. 

The notion of contraction is stable under scalar extensions, more precisely: 
Lemma 4.7. Let V be a differential graded vector space and 

LxV — - — > V 

a contraction. Then, for every differential graded commutative algebra A, the natural 
extension 

{L(^A)x (V^A) ^ ) {V(^A) {l^a)j{v(^b) = {-lf^^^''^'^^^^''h^v(^ab, 
is a contraction. 

Proof. According to Remark 14.41 Lemma 14.51 and Definition 14.61 it is sufficient to 
prove that the natural map 

a: Rom*{V,V)(^A^Bom*{V0A,V0A), a{^0a){v0b) = (-l)'^''s(a)dcgM^(^)^^^^ 

is a morphism of DGLAs. This is completely straightforward and it is left to the reader. 

□ 

The notions of Cartan homotopy and contraction extend naturally to the semicosim- 
plicial setting. Here, we consider only the case of contractions. 

Definition 4.8. Let be a semicosimplicial DGLA and a semicosimplicial 
differential graded vector space. A semicosimplicial contraction 

gA ^ ^ ^A^ 

is a sequence of contractions 0^ x Vn — Vn, n > 0, commuting with coface maps, i.e., 
dk{ljv) = dk{l)jdk{v), for every k. 

Proposition 4.9. Every semicosimplicial contraction 

gA ^ yA ^ ^A 

extends naturally to a contraction 

TotTiy(0^) X ToiTw{V^) ToiTwiV^). 
Proof. By definition, for every n, we have a Cartan homotopy 

i: Qn^ Hom*(y„,K), 
and so, by Lemma 14.71 a Cartan homotopy 

i: 0„ (g) {ApL)n Hom*(K ® (^PL)n,K ® {ApL)n)- 

Therefore, it is enough to prove that i^{y) G TotTwiV^), for every pair of sequences 
X = {xn)n&i £ TotrvK(s^) s-i^d y = {yn)neN £ TotTiy(^^); it follows from Remark 12.31 

□ 
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5. Semicosimplicial Lie algebras and deformations of smooth varieties 

Let be a semicosimplicial Lie algebra, then we can apply the construction of 
Section [3] in order to construct the Thom- Whitney DGLA TotTwid^), the Loo-algebra 
Tot(g^) and their associated (and isomorphic) deformation functors Def^j^^^A) — Defrp^^.^^ 

Beyond this way, there is another natural, and more geometric, way to define a 
deformation functor, see |Pr031 Definitions 1.4 and 1.6] and [FMMOSl Section 3]. More 
precisely, if is a semicosimplicial Lie algebra, then we denote 

Zl,(expg^): Art 



as 
and 

such that 



Set 



Zi,(expg^)(A) = {x G gi | e^o^^^e-^^^^'^e^^W 



Hl^iexpQ^): Art ^ Set 
<(expg^)(^) = Zi(expg^)(A)/ 



1}, 



where x ~ y if and only if there exists a € go (X) m^, such that e dii"-)g,^Q9o(a) _ gj/_ 

Example 5.1. Let £ be a sheaf of Lie algebras on a paracompact topological space 
X, and U an open covering of X; it is naturally defined the Cech semicosimplicial Lie 
algebra C{U) 



am: 



and, for every A G Art, the set //^^(exp C{U)){A) is exactly the cohomology set H^{U, exp(i 
m^)) [Hir78j. 

The relation between the above functors is given by the following theorem. 
Theorem 5.2. Let g^ he a semicosimplicial Lie algebra. Then, for every A G Art, 



MC^(0A)(A) = Zi(expg'^)(A), 
as subsets o/gi(g)m^. Moreover, we have natural isomorphisms of deformation functors 



Defq 



Defs 



Proof. For the proof, we refer to |FMM08 



^icCexpg'^), 



□ 



Next, assume that X is a smooth algebraic variety over a field K of characteristic 0, 
with tangent sheaf 0x, and let lA = be an affine open covering of X. 

Since every infinitesimal deformation of a smooth affine scheme is trivial [Se06t 
Lemma II. 1.3], every infinitesimal deformation X^ of X over Spec(74) is obtained by 
gluing the trivial deformations Ui x Spec(^) along the double intersections f/jj, and 
therefore it is determined by the sequence {^ij}i<j of automorphisms of sheaves of A- 
algebras 
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satisfying the cocycle condition 

(1) ^jkd'k^ij = Ido(i/.,fc)®A, \/i<j <kel. 

Since we are in characteristic zero, we can take the logarithms and write 9ij = e'^'-'', 
where dij G Qx{Uij) (^xnA- Therefore, the Equation ([1]) is equivalent to 

^djkffdik^d.j = X G exp(0x(^7jjfc) ® itia), y i < j < k e I. 

Next, let X'^ be another deformation of X over Spec(^), defined by the cocycle 
To give an isomorphism of deformations X'^ ~ Xa is the same to give, for every i, an 
automorphism oi 0{Ui)<SiA such that 6ij = ai~^9[~^aj, for every i < j. Taking again 

logarithms, we can write Ui = e"', with aj € Qx{Ui) ^rriA, and so e~"* e'^*-'' = e'^'J . 

Theorem 5.3. LetU be an affine open cover of a smooth algebraic variety X defined 
over an algebraically closed field of characteristic 0. Denoting by Defx th^ functor of 
infinitesimal deformations of X, there exist isomorphisms of functors 

Defx = i?i(expGx(^/)) = DefTotTw-(ex(w)) - Def^(ex(w)) ' 
where Qx{^) is the semicosimplicial Lie algebra defined in Example \2.1l 

Proof. By Theorem K2\ it is sufficient to prove Defx = Hl^{exp@x{l^))- By defi- 
nition, 

ZliQxmiA) = {{x,j} el[ex{Uij)^mA \ e^^'^e-^^'^e"'^ = 1 V i < j < fc}, 

i<j 

for each A e Art. Moreover, given x = {xij} and y = {yij} S Y\i<:j ® x (Uij) ® rriA, 
we have x ~ y if and only if there exists a = {oi} S Y\i&xiUi) ® xtia such that 

g-ajgX,jga, _ gj/ij £qj, all i < j. □ 

Remark 5.4. Note that, when EC = C, the Loo-algebra Tot(0x(^)) is quasi-isomorphic 
to the Kodaira-Spencer differential graded Lie algebra of X. 

6. Proof of the main theorem 

In this section, we use the results developed before to give a complete algebraic proof 
of the following theorem. 

Theorem 6.1. Let X be a smooth projective variety of dimension n, defined over 
an algebraically closed field of characteristic 0. If the contraction map 

is injective, then, for every affine open cover U of X, the DGLA TotTVF(0x(^)) is 
quasi- abelian. 

Proof. According to Lemma ll. 101 it is sufficient to prove that there exist a quasi 
abelian Loo-algebra H and a morphism Tot-r^y (0x(Z^)) — > H that is injective in coho- 
mology. 

Let n be the dimension of X and denote by fi^^ the algebraic de Rham complex. For 
every i < n, let C{U, ^x) the Cech complex of the coherent sheaf f]^, with respect 
to the affine cover U, and C{l/{, O^c) total complex of the semicosimplicial differential 
graded vector space Cl'^{U) (Example I2.2p . Notice that 

c{u,n*j,y= c{u,n'^xf- 

a+b=i 
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and C{l/{,Qx) is a subcomplex of C{U,^l*x). 

Then, we have a commutative diagram of complexes with horizontal quasi-isomorphisms: 

C{U, 0^) = Tot(rj^(W)) — ^ ^ TotTwi^xi^)) 



C{U, = Tot{n*x{U)) — ^ TotTw{^*xi^))- 

Since IfC has characteristic and X is smooth and proper, the Hodge spectral se- 
quence degenerates at Ei (we refer to |Fa88|, IDeI187| for a purely algebraic proof of 
this fact). Therefore, we have injective maps 



Thus, the natural inclusions of complexes 



are injective in cohomology. 

According to Example 14.21 for every open subset U C X, the contraction of vector 
fields with differential forms defines a Cartan homotopy: 

i: OxiU) ^ Rom*{n*x{U),n*x{U)), i^iu;) = ^joj. 

Since the contraction j commutes with restrictions to open subsets, we have a semi- 
cosimplicial contraction 

Oxm X n*xi^) ^ n*M, 

and, by Proposition 14. 9[ this induces naturally a Cartan homotopy 

i: TotTw{&x{K)) — >iiom*{TotTw{^*{l^)),TotTw{^*{^)))- 
Notice that, for every ^ € TotTwi^xi^)) and every i, we have 

Moreover, the assumption of the theorem, together with [NaASTl 3.1], implies that 
the map 

-TotTwiQxiU)) ^ Hom* (TotTi4-(0^(Z^)),TotTTy(0J-H^))) 
is injective in cohomology. 

Next, consider the differential graded Lie algebras 

M = mui*{ToiTw{^*x{U)),^otTw^*x{U)), 

L = {feM\ fiTotTwmm) C TotTwi^Sci^m, _ 

and let X : L — > M be the inclusion. According to Example l3.5l the Loo-algebras Tot(x^) 
is quasi-abelian. 

Moreover, we have Z(TotrvK(6x(^))) C L and so, by Theorem 14.31 there exists a 
linear Loo-morphism 

TotTw{&x{l^)) Tot(x^), X ^ {lx,ix)- 
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Since the map x injective, its mapping cone Tot(x'^) is quasi-isomorphic to its cokernel 

and we have a commutative diagram of complexes 

ToiTw{Qx{U)) — Tot(x^) 



Hom* (TotTVK(f^x(^))'TotTTy(^^x~H^))) ^Cokerx- 

Since both i and a are injective in cohomology, also the Loo-morphism is 
injective in cohomology. 

□ 

Theorem 6.2. Let hi = {Ui} he an affine open cover of a smooth projective variety 
X defined over an algebraically closed field of characteristic 0. If the canonical bundle 
of X is trivial or torsion, then the DGLA TotTw{^x{^)) is quasi- abelian. 

Proof. Assume first that X has trivial canonical bundle. If n is the dimension of X, 
the cup product with a nontrivial section of the canonical bundle gives the isomorphisms 
H^i^x) — conclusion follows immediately from Theorem 16.11 If X 

has torsion canonical bundle we may consider the canonical cyclic cover vr : y — > X and 
the affine open cover V = {-7r~^(C/j)}. Now the variety Y has trivial canonical bundle 
and then the Loo-algebra Tot(0y(V)) is quasi-abelian. Since n is an unramified cover 
the natural injective map Tot(0x(^)) Tot(0y(V)) is also injective in cohomology 
and we conclude the proof by using the same argument of Theorem 16.11 □ 



Remark 6.3. When IK = C, the previous theorems together with Remark 15.41 
implies that the Kodaira-Spencer DGLA is quasi abelian, for a projective manifold with 
trivial or torsion canonical bundle. 

Theorem 6.4. Let X be a smooth projective variety of dimension n defined over an 
algebraically closed field of characteristic 0. Then, the obstructions to deformations of 
X are contained in the kernel of the contraction map 

V 

Proof. We have seen in the proof of Theorem 16 . 1 1 that . for every affine open cover lA 
of X, there exists an Loo-morphism Tot(0x(Z^)) — > Tot(x^) and that Tot(x^) is quasi- 
abelian. Therefore, we are in the condition to apply the general strategy used in |Ma04al, 
IMa09|, IIa07] : the deformation functor associated to Tot(x^) is unobstructed and the 
obstructions of Defx ~ Def^^^Q^^^j^^^ are contained in the kernel of the obstruction map 

Li\Toi(Qxm) - ^'(Tot(Vf). □ 

Corollary 6.5. Let X be a smooth projective variety defined over an algebraically 
closed field of characteristic 0. If the canonical bundle of X is trivial, then X has unob- 
structed deformations. 

Proof. The previous Corollary 16.21 implies that Tot(0x(^)) is quasi-abelian and 
so Def^j^^Q^^^^^ is smooth. By Theorem 15.31 Defx — ^^^Ti^t{ex{U))' ^ 



18 



DONATELLA lACONO AND MARCO MANETTI 



Remark 6.6. Transcendental proofs of the analogue of Theorem 16.41 for compact 
Kahler manifolds can be found in |Ma04a|, ICleOS^ IMaOQj . while we refer to [Ia07^ 
IMa09] for the proof that the T^-lifting is definitely insufficient for proving Theorem l6.41 
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